Compactly supported shearlets have been studied in both theory and applications. In this paper, we construct symmetric compactly supported shearlet systems based on pseudo splines of type II. Specially, using B-splines, we construct shearlet frame having explicit analytical forms which is important for applications. The shearlet systems based on B-splines also provide optimally sparse approximation within cartoon-liked image.
Introduction
Cartoon-liked image are 2-dimensional functions that are C 2 except for discontinuities along C 2 curves [1] . To find optimally sparse representations of cartoon-like image, several variations of the wavelet scheme have been proposed, such as curvelets [1] and contourlets [8] . Shearlets frame developed in [17] is the first multiscale directional system which also provides almost optimally sparse approximation with cartoon-like images. However, these studies are only concerned band limited generator. Very recently, Kutyniok and Lim presented a complete proof of (almost) optimally sparse approximations of cartoon liked images by using shearlet systems which are generated by compactly supported shearlets under some weak moment conditions [16] . They also constructed a class of compactly supported shearlet frames based on pseudo splines of type I [15] . Hence, excellent spatial localization is achieved. But the shearlet frame still have two disadvantages:
• The shearlet is not symmetric or anti-symmetric;
• The shearlets do not have explicit analytical forms in spatial domain.
These drawbacks motivate us to consider constructing shearlet frame using B-splines. B-splines had a significant impact on the development of the theory of the wavelet analysis. They yield the only wavelets that have explicit analytical forms. All other wavelet bases are defined indirectly through an infinite product in Fourier domain [5, 6] . As Daubechies pointed out in [6] , except the Haar wavelet function, there is no compactly supported real-valued symmetric orthonormal wavelet basis in L 2 (R). However, it is much easier and more flexible to construct and design compactly supported wavelet frames or Riesz bases than orthonormal wavelet bases. For example, from any B-spline function of order m, one can construct a symmetric tight wavelet frame with m generators [18] . Tight wavelet frame from B-splines with high vanishing moments were considered in [2, 7] . The compactly supported Riesz wavelets generated from B-splines were first constructed in [4] . The shortest supported Riesz wavelet with m vanishing moments from B-spline of order m were constructed in [12] . The compactly supported wavelet bases from B-splines for Sobolev spaces were investigated in [11, 13] .
The rest of the paper is organized as follows. In Section 2, we construct shearlets based on B-splines, then we present some results on the optimally sparse approximations of cartoon-like images. In Section 3, we investigate the lower bounds and the upper bounds of the pseudo splines in Fourier domain. These results not only have their own interests but also have closed relations to the shearlets frame bounds. In sections 4, we presents some examples to illustrate our results.
Shearelts based on B-splines
In this section, we first introduce the definitions of shearlet frame and B-splines function. Then we construct compactly supported shearlet frame with the generator from B-splines. Finally, we show that these compactly supported shearlet systems provide (almost) optimally sparse approximations of cartoon-liked images.
Shearlets are scaled according to a parabolic scaling law encoded in the matrix A 2j orÃ 2j , j ∈ Z, and exhibit directionality by parameterizing slope encoded in the matrices S k , k ∈ Z, defined by
Now we define discrete shearlet systems in 2D. Let c = (c 1 , c 2 ) ∈ (R + ) 2 . For φ, ψ,ψ ∈ L 2 (R 2 ), the cone-adapted 2D discrete shearlet system SH(φ, ψ,ψ; c) is defined by
We partite the frequency plane into C 1 (α) − C 4 (α) where
and a centered rectangle
The region C 1 ∪ C 3 is covered by the frequency support of shearelets in Ψ(ψ; c). The region C 2 ∪ C 4 is covered by the frequency support of shearelets inΨ(ψ; c). The region R is covered by the frequency support of φ. Recall {σ i } i∈I form a frame in L 2 (R 2 ) if there exist constants A, B > 0 such that
The numbers A, B are called frame bounds. If SH(φ, ψ,ψ; c) is a frame for L 2 (R 2 ), we refer to ψ andψ as shearlets.
We say that φ is a refinable function with
e −ix·ξ dx and can be naturally extended to tempered distributions. As an important family of refinable functions, Bspline functions are useful in applications. B-spline with order m and its mask is defined by
where j = 0 when m is even, and j = 1 when m is odd. The B-spline function B m ∈ C m−2 (R) is a function of piecewise polynomials of degree less than m, vanishes outside the interval [0, m] and is symmetric about the point x = m/2. Now we state our first contribution on the shearlet frame in this paper. 
For given 0 < α < π/2, there exits a sampling constantĉ > 0 such that the shearlet system Ψ(ψ; c) forms a frame for {f ∈ L 2 (R 2 ) : suppf ∈ C 1 (α) ∪ C 3 (α)} for c 2 ≤ c 1 ≤ĉ.
Proof. The proof is a straightforward consequence of Theorem 3.10.
The cartoon-liked model was first introduced in [1] . The basic idea is to choose a closed boundary curve and then fill the interior and exterior parts with C 2 functions. For ν > 0, the set ST AR 2 (ν) is defined to be the set of all B ⊂ [0, 1] 2 such that B is a translate of a set
where
and B ∈ ST AR 2 (ν). The bandlimited curvelets, contourlets, and shearlets exhibit (almost) optimally sparse approximation with this model. The first complete proof of (almost) optimally sparse approximations of cartoon-liked images by using compactly supported shearlet frame was given in [16] . Let us now be more precise, and introduce these results. Let c > 0, and let φ, ψ,ψ ∈ L 2 (R 2 ) be compactly supported. Suppose that for all ξ = (ξ 1 , ξ 2 ) ∈ R 2 , the shearlet ψ satisfies
where α > 5, γ ≥ 4, h ∈ L 1 (R), and C 1 is a constant, and suppose that the shearletψ satisfies (2.1) and (2.2) with the roles of ξ 1 and ξ 2 reversed. Further, suppose that SH(c; φ, ψ,ψ) forms a frame for L 2 (R 2 ). Denote (σ i ) i∈I = SH(c; φ, ψ,ψ). Let (σ) i∈I be a dual frame of (σ i ) i∈I . We can take the nonlinear N -terms approximation
where ( f, σ i ) i∈I N are the N largest coefficients f, σ i in magnitude. Then, for any v > 0, the shearlet frame SH(c; φ, ψ,ψ) provides (almost) optimal sparse approximation of function f ∈ E 2 (v) in the sense that there exists some C > 0 such that
The condition (2.1) and (2.2) can be viewed as a generalization of a second order directional vanishing moment condition, which is crucial for having fast decay of the shearlet coefficients. Following the line of [15] , we obtain the following results which is our second contribution in this paper. 
. Then there exit sampling constant c > 0 such that the shearlet system SH(φ, ψ 1 , ψ 2 ; c) provides (almost) optimally sparse approximations of function f ∈ E 2 (v) in the sense that there exists some constant C > 0 such that
where f N is the nonlinear N -term approximation obtained by choosing the N largest shearlet coefficients of f .
Proof. By Theorem 2.1, there exits a sampling constantĉ > 0 such that the shearlet system Ψ(ψ; c)
With the same argument as in [15] , we can prove that SH(c; φ, ψ,ψ) forms a frame for L 2 (R) with c = (c 1 , c 2 ) ∈ (R + ) 2 and c 2 ≤ c 1 ≤ĉ. Rewrite ψ 1 (ξ) in the following
We obtain
We can conclude that there exists a constant C such that
and
Hence, the shearlet ψ 1 satisfies the conditions (2.1) and (2.2), and the shearlet ψ 2 likewise. The theorem is proved
Shearlets based on pseudo splines
In this section, we first briefly recall a family of refinable function: pseudo splines. After establishing some useful lemmas, we investigate the lower bound and the decay of the Fourier transform of pseudo splines of type II. Finally, we construct shearlet frame based on pseudo splines. Pseudo-splines are compactly supported refinable functions in L 2 (R). For positive integers N, l ∈ N with l < N , denote P N,l (x) := l j=0 N −1+j j x j . The mask of a pseudo spline of type II with order (N, l) is defined by
The mask of a pseudo spline of type I is defined by 2 a N,l (ξ) := | 1 a N,l (ξ)| 2 . Hence, 1 a N,l (ξ) with real coefficients is the square root of | 1 a N,l (ξ)| 2 using the Riesz lemma. In general, pseudo splines of type I are neither symmetric nor antisymmetric. To achieve symmetry, compactly supported complex valued pseudo splines were introduced in [19] . The corresponding pseudo splines can be defined in terms of their Fourier transform, i.e.
An important fact is that 2 a N,l (ξ) is defined by the summation of the first l+1 terms of the binomial expansion of (cos 2 (ξ/2) + sin 2 (ξ/2)) N +l = 1 [7, 9] i.e.
The pseudo splines with order (N, 0) are B-splines. For the case l = N −1, the pseudo splines of type I are orthogonal refinable functions given in [6] , and the pseudo splines of type II are interpolatory refinable function given in [10] . The other pseudo splines fill in the gap between the B-spline and orthogonal refinable functions for type I and B-spline and interpolatory refinable function for type II. For positive integers N, l ∈ N with l < N , letâ(ξ) be the mask of the pseudo splines of type II with order (N, l). Then a N,l (ξ) can be factorized as
This shows that pseudo splines is the convolution of a B-spline of some order with a distribution. Since L(ξ) is bounded, L(ξ) is actually the mask of a refinable distribution. The regularity of φ comes from the cos 2N (ξ/2) factor. The distribution part provides some desirable properties for φ, such as orthogonality of its shifts. In [9] , Dong and Shen gave a regularity analysis of pseudo splines of both types. The key to regularity analysis is
To investigate the bounds and the decay of the pseudo splines in Fourier domain, we establish the following lemmas which have their own interesting. For simplify, we denote the mask of pseudo splines of type II byâ(ξ).
Lemmas
Lemma 3.1. For positive integers N, l ∈ N with l < N , letâ(ξ) be the mask of the pseudo splines of type II with order (N, l) and let L(ξ) be defined as in (3.3). Then
Proof. By (3.2), we obtain
Lemma 3.2. For positive integers N, l ∈ N with l < N , letâ(ξ) be the mask of the pseudo splines of type II with order (N, l).
Proof. We obtain
Lemma 3.3. For positive integers N, l ∈ N with l < N , letâ(ξ) be the mask of the pseudo splines of type II with order (N, l). Letb(ξ) = e −iξâ (ξ + π), then 
Regularity
Now we give the lower bound for the pseudo splines of type II in the Fourier domain.
Theorem 3.4. Let φ be the pseudo-splines of Type II with order (N, l).
In the following, we mainly investigate the decay of the pseudo splines of type II in the Fourier domain.
Lemma 3.5. For positive integers N, l ∈ N with l < N , letâ(ξ) be the mask of the pseudo splines of type II with order Proof. Since |L(ξ)| ≤ 1 + C 2 |ξ| 2 , we have for |ξ| ≤ 1,
For the given |ξ| > 1, there exists a positive integer k 0 such that 2 k 0 J ≤ |ξ| ≤ 2 (k 0 +1)J . Denote η = 2 −(k 0 +1)J ξ, we obtain |η| < 1. Define q 1 = sup |ξ|≤π |L(ξ)| and q 2 = |L(2π/3)|. By (3.4) , we obtain
Therefore,
Moreover,
We conclude that
Theorem 3.6. For positive integers N, l ∈ N with l < N , let φ be the pseudo splines of type II with order (N, l). Then for any given integer J ≥ 1.
we obtain |φ(ξ)| ≤ 1. It is well known that Hence
By (3.6), we have
Corollary 3.7. For positive integers N, l ∈ N with l < N , let φ be the pseudo splines of Type II with order (N, l). 8) where κ = log(P (3/4))/ log 2.
Proof. The proof is a straightforward consequence of Theorem 3.6.
Remark 3.8. The above results were first proved by Dong and Shen in [9] . The decay of the Fourier transform is optimal. We give estimation (3.7) with explicit constant which is important for the frame upbound of the shearlet frame. Table 1 gives the decay rate of the Fourier transform of pseudo splines of Type II with order (N, l) for 2 ≤ N ≤ 9 and 0 ≤ l ≤ N . The decay rate of the Fourier transform of pseudo splines of Type II with order (N, l) is β N,l /2.
Shearlet Frames
In the last subsection, we construct the shearlet frames based on pseudo splines. We give a weaker condition for constructing shearlet frames than Theorem 4.9 in [15] . For function φ, ψ,ψ ∈ L 2 (R 2 ), we define Θ :
The sufficient conditions for the construction of shearlet frames were given by [15] .
Lemma 3.9.
[Theorem 3.4 in [15] ] let φ, ψ ∈ L 2 (R 2 ) be functions such that
for some positive constants C 1 , C 2 < ∞ and α > γ > 3. Defineψ(x 1 , x 2 ) = ψ(x 2 , x 1 ) and let L inf be defined by L inf = ess inf ξ∈R 2 Θ(ξ, 0). Suppose that there is a constantL inf > 0 such that 0 <L inf ≤ L inf . Then there exist a sampling parameter c = (c 1 , c 2 ) with c 1 = c 2 such that SH(φ, ψ,ψ; c) forms a frame for L 2 (R 2 )
Now we state the main results in this section.
Theorem 3.10. For 0 < α < π/2. Let a N 1 ,l 1 (ξ), a N 2 ,l 2 (ξ) be the mask of the pseudo splines of type II. For
whereb(ξ 1 ) = e −iξ 1 a N 1 ,l 1 (ξ 1 + π). Then for given α ∈ (0, π/2), there exits a sampling constant c > 0 such that the shearlet system Ψ(ψ; c) forms a frame for {f ∈ L 2 (R 2 ) : suppf ∈ C 1 (α) ∪ C 3 (α)} with c = (c 1 , c 2 ) ∈ (R + ) 2 and c 2 ≤ c 1 ≤ĉ.
Proof. We first give the lower bound of the shearletψ(ξ). Let 0 < α < π/2. By Theorem 3.4, we obtain
Combine (3.10) and (3.11), we obtain
we conclude that 5) and (3.8) , we obtain the upper bound of the shearletψ(ξ)
Let β N,l = 2N − κ, for fixed N , β N,l decreases as l increases. For fixed l, β N,l increases as N increases. When l = N − 1, β N,l increases as N increase [9] . From the table 1, it easy to see that
Hence, the condition of Theorem 3.9 holds. Te theorem is proved.
Remark 3.11. (3.9) is a standard construction for separable wavelet basis of L 2 (R 2 ) [6] . Therefore, Theorem 3.10 gives a connection between the shearlet analysis and wavelet analysis and also, we hope, enriches the theory of shearlet analysis.
Since the decay rate of | 1φ (ξ)| is half of that of | 2φ (ξ)|. The results on pseudo splines of type I follow directly from Theorem 3.10.
Theorem 3.12. For 0 < α < π/2. Let a N 1 ,l 1 (ξ), a N 2 ,l 2 (ξ) be the mask of the pseudo splines of type I. For l 2 = 0, let N 1 > N 2 > 3. For l 2 > 0, let N 1 ≥ N 2 > 8. Letφ(ξ) be the associated refinable function with a N 2 ,l 2 (ξ). Define a shearlet ψ ∈ L 2 (R 2 ) bŷ ψ(2ξ) =b(ξ 1 )φ(ξ 1 )φ(ξ 2 ), ξ = (ξ 1 , ξ 2 ) ∈ R 2 , whereb(ξ 1 ) = e −iξ 1 a N 1 ,l 1 (ξ 1 + π). Then there exits a sampling constantĉ > 0 such that the shearlet system Ψ(ψ; c) forms a frame for {f ∈ L 2 (R 2 ) : suppf ∈ C(α) 1 ∪ C(α) 3 } for any sampling matrix M c with c = (c 1 , c 2 ) ∈ (R + ) 2 and c 2 ≤ c 1 ≤ĉ.
Remark 3.13. In [15] , P. Kittipoom, G. Kutyniok, and W.-Q Lim gave a similar construction of the shearlet from pseudo splines of type I with order (N, l) such that l > 10 and 3l 2 ≤ N ≤ 3l − 2. Compared with their results, our construction have smaller support. Moreover, we prove for any given 0 < α < π/2, one can construct shearlet frame. This gives more feasible choice in applications.
Examples
To illustrate our results, we give two examples in this section. Then for any given 0 < α < π/2, there exits a sampling constantĉ > 0 such that the shearlet system Ψ(ψ; c) forms a frame for {f ∈ L 2 (R 2 ) : suppf ∈ C 1 (α) ∪ C 3 (α)} for c 2 ≤ c 1 ≤ĉ. Let φ(x) = B 4 (x 1 )B 4 (x 2 ) and ψ 2 (x 1 , x 2 ) = ψ 1 (x 1 , x 2 ). Then there exit sampling constant c > 0 such that the shearlet system Ψ(φ, ψ 1 , ψ 2 ; c) provides (almost) optimally sparse approximations of function f ∈ E 2 (v)
